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Abstract
The purpose of this paper is to study the conformally invariant functionals of hypersurfaces in a Riemannian manifold and
variational problems related to these functionals. A class of conformal invariants is presented and the variational problem related
to this class of conformally invariant functionals is studied.
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1. Introduction
Conformal differential geometry is an important branch of differential geometry, initiated by H. Weyl and E. Cartan.
One of significant results in this theory is a result of Weyl (cf. [15], [1] and [2]) stating that the conformal Weyl
curvature tensor is a conformal invariant, and a Riemannian manifold of dimension >3 is conformally flat if and only
if the conformal Weyl curvature tensor vanishes. In this paper, we investigate the conformal differential geometry of
hypersurface of a Riemannian manifold. In the first part, we introduce some conformal invariants of a hypersurface
which is called generalized Willmore functional. In the second part which is the main content of this paper, we consider
the variational problems related to these functionals.
Let x :Mn → Nn+1 be an n( 2)-dimensional hypersurface immersed in a Riemannian (n + 1)-manifold Nn+1,
and let gij be the Riemannian metric tensor on Mn induced by the immersion x and hij the second fundamental
tensor of Mn at x. Then the eigenvalues λ1, . . . , λn of the matrix (hij ) relative to the matrix (gij ), i.e., the roots of the
equation det(hij − λgij ) = 0 in λ, are called the principal curvature of Mn at x, and the r th mean curvature σr of Mn
at x is defined by
(1.1)
(
n
k
)
σr =
∑
i1<···<ir
λi1 · · ·λir , r = 1, . . . , n,
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(
n
k
)
is a binomial coefficient. For convenience, we define σ0 = 1.
All conformal mappings of Nn+1 form a group, called conformal group of Nn+1. A quantity on Mn is called a
conformal invariant if it is invariant under the conformal group of Nn+1. In the first part of this paper, we prove the
following theorem.
Theorem 1.1. Let x :Mn → Nn+1 be a hypersurface immersed in a Riemannian (n+ 1)-manifold Nn+1, then for any
integer r,2 r  n, the functional
(1.2)Wr(M) =
⎧⎪⎨⎪⎩
∫
M
Q
n/r
r dM, r < n and is odd,∫
M
|Qr |n/r dM, r < n and is even,∫
M
Qr dM, r = n,
where
(1.3)Qr =
r∑
k=0
(−1)k+1
(
r
k
)
σ r−k1 σk,
is a conformal invariant of Mn in Nn+1.
Remark 1.1. For n = 2 and N is an Euclidean space E3, the result is due to W. Blaschke [3]. Moreover, for a compact
oriented surface M2 in E3 from the Gauss–Bonnet formula it follows that
∫
M
σ 21 dM is a conformal invariant of M
2
in E3 (cf. [16] and [6]) and the famous Willmore Conjecture says that if the genus of M2 is 1, then ∫
M
σ 21 dM  2π2
(cf. [17]), i.e. W2(M)  2π2. The extremal surfaces of the functional W2 are called Willmore surfaces. There has
been important progress on Willmore surfaces in recent years. For instance, Bryant observed duality of Willmore
surfaces [5]. Pinkall and his collaborators used quaternions and established a new function theory with application to
Willmore surfaces [4]. For a general n and r = 2 in (1.2), the functional
(1.4)W2(M) =
∫
M
(
σ 21 − σ2
)n/2
dM
is called Willmore functional (for a submanifold with higher codimensional W2(M) can be similarly defined ) and B.Y.
Chen proved that W2 is a conformal invariant [6]. In 1998, Chang Ping Wang established the conformal differential
geometry of submanifold [14]. In this significant theory, Wang present a system of complete conformal invariants in
which (σ 21 − σ2)n/2 dM is taken as the volume element of the submanifold.
In case that Nn+1 is Euclidean space En+1, Theorem 1 is due to Chuan-Chih Hsiung and John J. Levco [11]. It is
well known [8] that every conformal mapping on a Euclidean space E can be decomposed into a product of similarity
transformations and inversions. Hence, Hsiung and Levco used the properties of the inversion in Euclidean space E
to prove their theorem (cf. [9], [10] and [11]). Our Theorem 1.1 above shows that, for a general Riemannian manifold
Nn+1, Wr is also a conformal invariant.
In the second part of this paper we derive the Euler–Lagrange equation for critical values of Wr , for the hypersurface
in space form (Theorem 3.1 in Section 3). A hypersurface in Nn+1 is called Wr -conformal minimal if it is a solution
of the equation. For n = 3, some interesting examples of W3-conformal minimal hypersurfaces are given in the second
part of this paper.
2. Some conformal invariants and the proof of Theorem 1.1
In this section we recall some elementary facts on the conformal differential geometry of a hypersurface. Let Mn
be a hypersurface isometrically immersed in a Riemannian manifold Nn+1 with metric g. Let {e1, . . . , en+1} be a local
orthonormal frame field on Nn+1, such that when it is restricted on Mn, {e1, . . . , en} is tangent to M and en+1 is a
normal vector field of M . We denote the dual frame field of {e1, . . . , en+1} by {ω1, . . . ,ωn+1}. we adopt the following
convention on the ranges of indices
1 i, j, k, . . . n; 1A,B,C, . . . n + 1
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(2.1)dωA = ωB ∧ ωBA, ωAB + ωBA = 0
(2.2)dωAB − ωAC ∧ ωCB = −12 R¯ABCDωC ∧ ωD,
where ωAB and RABCD are the connection form and curvature induced by the metric g of Nn+1, respectively. The
structure equations of the hypersurface Mn+1 can be written as follows:
(2.3)dωi = ωj ∧ ωji,
(2.4)dωij − ωik ∧ ωkj = −12Rijklωk ∧ ωl,
(2.5)ωi,n+1 = hijωj , hij = hji,
(2.6)Rijkl = hikhjl − hilhjk + R¯ijkl,
(2.7)hij,k − hik,j = −R¯i(n+1)jk,
where hij,k is defined by
(2.8)hij,kωk = dhij + hikωkj + hkjωki .
Now let g˜ be a metric which is conformal with the metric g. Then there is a smooth function φ on Nn+1 such that
(2.9)g˜ = e2φg.
Set e˜A = e−φeA and let {ω˜A} be the dual field of frame of {e˜A}, then {e˜A} is a local orthonormal frame field with
respect to the metric g˜ and
(2.10)ω˜A = eφωA.
Let ω˜AB be the connection form induced by the metric g˜. Then from (2.1) and (2.10), we have
(2.11)ω˜AB = ωAB + φBωA − φAωB,
where φA := g(eA,∇φ) and ∇ is the gradient operator of the metric g. In particular, we have
(2.12)ω˜ij = ωij + φjωi − φiωj ,
(2.13)ω˜i,n+1 = ωi,n+1 + φn+1ωi.
Let h˜ij be the second fundamental form of Mn as a hypersurface of a Riemannian manifold (Nn+1, g˜), which means
that ω˜i,n+1 = h˜ij ω˜j . From (2.13) we have
(2.14)h˜ij = e−φ(hij + φn+1δij ).
Let λ1, . . . , λn and λ˜1, . . . , λ˜n be the eigenvalues of the matrix (hij ) and (h˜ij ) at a point x of Mn, respectively, σr and
σ˜r their r th mean curvatures, respectively. From (2.14) we have
(2.15)eφ(h˜ij − σ˜1δij ) = hij − σ1δij .
Let
Bij = σ1δij − hij ,
then (2.15) is equivalent to
(2.16)eφB˜ij = Bij .
Let μ1, . . . ,μn and μ˜1, . . . , μ˜n be the eigenvalues of the matrix (Bij ) and (B˜ij ) at the point x, respectively. Then
μi = σ1 − λi , and (2.16) implies
(2.17)eφμ˜i = μi.
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(2.18)−
(
n
r
)
Qr =
∑
1i1<···<irn
μi1 · · ·μir ,
then from (2.17) we see that
(2.19)erφQ˜r = Qr.
We call Qr the r th conformal mean curvature. The relations between conformal mean curvatures and Euclidean mean
curvatures are given by the following lemma.
Lemma 2.1. Let Qr be the r th conformal mean curvature defined by (2.18). Then we have
(2.20)Qr =
r∑
k=0
(−1)k+1
(
n
k
)
σ r−k1 σk.
Proof. Since
−
(
n
r
)
Qr =
∑
1i1<···<irn
(σ1 − λi1) · · · (σ1 − λir )
=
∑
1i1<···<irn
[
σ r1 − (λi1 + · · · + λir )σ r−11 + (λi1λi2 + · · · + λir−1λir )σ r−21 + · · · + (−1)rλi1 · · ·λir
]
=
∑
1i1<···<irn
r∑
k=0
(−1)kσ r−k1
∑
1j1<···<jkr
λij1
· · ·λijk
=
r∑
k=0
(−1)kσ r−k1
∑
1i1<···<irn
∑
1j1<···<jkr
λij1
· · ·λijk ,
and ∑
1i1<···<irn
∑
1j1<···<jkr
λij1
· · ·λijk =
(
n − k
r − k
) ∑
1i1<···<ikn
λi1 · · ·λik
=
(
n − k
r − k
)(
n
k
)
σk =
(
n
r
)(
r
k
)
σk,
we have (2.20). This completes the proof of the lemma. 
Let dM and d˜M be the volume elements with respect to the metric g and g˜. Then we have
(2.21)d˜M = enφ dM.
From (2.16), (2.20) and (2.21) we see that Theorem 1.1 holds.
Remark 2.1. Making use of (2.16) and using similar methods, one can construct other conformal invariants. But Wr
is one of the most natural conformal invariants.
3. The variation for the functional Wr
Let X :M × R → Nn+1 be a smooth variation of x such that X(·, t) = x and dxt (TpM) = dx(TpM) on the
boundary ∂M of M , for each (small) t . We call such variation an admissible variation of x. We note that the two
boundary conditions for an admissible variation disappear if ∂M = ∅. For each t we denote by {ei} a local orthonormal
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field for xt in Nn+1. Then {ei, en+1} is a moving frame of Nn+1 along M×R. Let ω¯A, ω¯AB be the forms corresponding
to this frame. If we write variational vector field of x in Nn+1 by
(3.1)∂X
∂t
=
∑
i
aiei + f en+1,
then we have
(3.2)ω¯n+1 = f dt, ω¯i = ωi + ai dt.
Since T ∗(M × R) = T ∗M ⊕ T ∗R, we have the decomposition
(3.3)ω¯ij = ωij + bij dt,
(3.4)ω¯i,n+1 = ωi,n+1 + ci dt,
where {f,ai, bij , ci} are local functions on M with bij = −bji . We denote by dM the differential operator on T ∗M ,
then d = dM + dt ∧ ∂/∂t on T ∗(M ×R). Using (2.1), (3.1) and (3.2) and comparing the terms in T ∗M ∧ dt we have
(3.5)fi = ci − ajhji,
(3.6)∂ωi
∂t
=
∑
j
(ai,j + bij − f hij )ωj ,
where fi and ai,j are defined by fiωi = dMf and ai,jωj = dMai + ajωj , respectively. From (3.6) we have
(3.7)∂
∂t
(ω1 ∧ · · · ∧ ωn) =
(∑
i
ai,i − nf σ1
)
ω1 ∧ · · · ∧ ωn.
Using (3.4), (3.5) and (3.6), we have
(3.8)∂hij
∂t
= bikhkj − hikbkj + fi,j + akhkij + f (hikhkj + R¯i(n+1)j (n+1)) + R¯i(n+1)jkak,
in particular:
(3.9)n∂σ1
∂t
= 	f + (S + nc)f +
(∑
i
hki,i + R¯(n+1)k
)
ak.
Let A = (hij ) and T(k) be the kth Newton transformation which is defined by
(3.10)T(k) = skI − sk−1A + · · · + (−1)k−1s1Ak−1 + (−1)kAk, k = 0,1, . . . , n,
where sk =
(
n
k
)
σk . The Newton transformations can be inductively defined by
(3.11)T0 = I, T(k+1) = sk+1I − T(k)A.
The Hamilton–Cayley theorem implies that T(n) = 0. The following equation is called Newton’s formula
(3.12)(k + 1)Sk+1 = Trace(AT(k)).
Using formula (3.12), Reilly proved the following lemma (cf. Lemma A in [18]).
Lemma 3.1.
(3.13)
(
n
k
)
∂σk
∂t
= T(k−1)ij ∂hij
∂t
, k = 1, . . . , n.
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from (3.8), (3.9) and (3.13) we have
∂Qr
∂t
= −rσ r−11
∂σ1
∂t
+ (−1)r+1 ∂σr
∂t
+
r−1∑
k=1
(−1)k+1
(
r
k
)[
(r − k)σ r−k−11
∂σ1
∂t
σk + σ r−k1
∂σk
∂t
]
=
r−1∑
k=1
(−1)k+1
(
r
k
)
r − k
n
σ r−k−11 σk	f +
r∑
k=2
(−1)k+1
(
r
k
)(
n
k
)−1
σ r−k1 T(k−1)ij f,ij
+
[
r−1∑
k=1
(−1)k+1
(
r
k
)
r − k
n
σ r−k−11 σk(S + nc)
+
r∑
k=2
(−1)k+1
(
r
k
)(
n
k
)−1
σ r−k1 T(k−1)ij (hilhlj + R¯i(n+1)j (n+1))
]
f
(3.14)+
[
r−1∑
k=0
(−1)k+1
(
r
k
)
(r − k)σ r−k−11 σk(σ1),l +
r∑
k=1
(−1)k+1
(
r
k
)(
n
k
)−1
σ r−k1 T(k−1)ij hij,l
]
al,
where S denotes the square of the second fundamental form.
In the following we assume r(< n) to be odd, or r = n, or r(< n) to be even and Qr semi-positive definite. Under
the assumptions, Wr can be written as
Wr =
∫
M
Q
n
r
r dM.
From (3.7) and (3.14) we have
∂Wr
∂t
=
∫
M
n
r
Q
n−r
r
r
∂Qr
∂t
ω1 ∧ · · · ∧ ωn + Q
n
r
r
∂
∂t
(ω1 ∧ · · · ∧ ωn)
=
∫
M
n
r
Q
n−r
r
r
{
r−1∑
k=1
(−1)k+1
(
r
k
)
r − k
n
σ r−k−11 σk	f +
r∑
k=2
(−1)k+1
(
r
k
)(
n
k
)−1
σ r−k1 T(k−1)ij f,ij
+
[
r−1∑
k=1
(−1)k+1
(
r
k
)
r − k
n
σ r−k−11 σk(S + nc)
+
r∑
k=2
(−1)k+1
(
r
k
)(
n
k
)−1
σ r−k1 T(k−1)ij (hilhlj + cδij )
]
f
+
[
r−1∑
k=0
(−1)k+1
(
r
k
)
(r − k)σ r−k−11 σk(σ1),l +
r∑
k=1
(−1)k+1
(
r
k
)(
n
k
)−1
σ r−k1 T(k−1)ij hij,l
]
al
}
dM
(3.15)+
∫
M
Q
n
r
r
(∑
i
ai,i − nσ1
)
f dM.
Where we denote the volume element ω1 ∧ · · · ∧ ωn by dM . Since Newton transformation T is of property∑
j
T(k)ij,j = 0,
for an admissible variation, for any μ ∈ C2(M), we have
(3.16)
∫
μT(k)ij f,ij dM =
∫
f T(k)ijμ,ij dM, 0 k  n.
M M
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∂Wr
∂t
∣∣∣∣
t=0
=
∫
M
{
	
(
Q
n−r
r
r
r−1∑
k=1
(−1)k+1
(
r
k
)
r − k
r
σ r−k−11 σk
)
+
r∑
k=2
T(k−1)ij
(
Q
n−r
r
r (−1)k+1 n
r
(
r
k
)(
n
k
)−1
σ r−k1
)
,ij
+ Q
n−r
r
r (S + nc)
r−1∑
k=1
(−1)k+1
(
r
k
)
r − k
r
σ r−k−11 σk
+ Q
n−r
r
r
r∑
k=2
(−1)k+1
(
r
k
)(
n
k
)−1
n
r
σ r−k1 T(k−1)ij (hilhlj + cδij ) − nσ1Q
n
r
r
}
f dM
+
∫
M
{
Q
n−r
r
r
n
r
[
r−1∑
k=0
(−1)k+1
(
r
k
)
(r − k)σ r−k−11 (σ1),l
(3.17)+
r∑
k=1
(−1)k+1
(
r
k
)(
n
k
)−1
T(k−1)ij hij,l
]
al + Q
n
r
r
∑
i
ai,i
}
dM.
From Lemma 3.1 we see that
∑
ij T(k−1)ij hij,l =
(
n
k
)
σk,l , one can easily check that
r−1∑
k=0
(−1)k+1
(
r
k
)
(r − k)σ r−k−11 (σ1),l +
r∑
k=1
(−1)k+1
(
r
k
)(
n
k
)−1
T(k−1)ij hij,l
(3.18)=
[
r∑
k=0
(−1)k+1
(
r
k
)
σ r−k1 σk
]
,l
= (Qr),l .
Green’s theorem and (3.18) show that the last integer of (3.17) vanishes. Thus, we see that ∂Wr
∂t
|t=0 = 0 if and only if
	
(
Q
n−r
r
r
r−1∑
k=1
(−1)k+1
(
r
k
)
r − k
r
σ r−k−11 σk
)
+
r∑
k=2
T(k−1)ij
(
Q
n−r
r
r (−1)k+1 n
r
(
r
k
)(
n
k
)−1
σ r−k1
)
,ij
+ Q
n−r
r
r (S + nc)
r−1∑
k=1
(−1)k+1
(
r
k
)
r − k
r
σ r−k−11 σk
(3.19)+ Q
n−r
r
r
r∑
k=2
(−1)k+1
(
r
k
)(
n
k
)−1
n
r
σ r−k1 T(k−1)ij (hilhlj + cδij ) − nσ1Q
n
r
r = 0.
From (3.11) and (3.12) we see that
(3.20)T(k−1)ij (hilhlj + cδij ) =
(
n
k
)(
nσ1σk − (n − k)σk+1 + ckσk−1
)
,
and from (3.19) and (3.20), we get the following theorem.
Theorem 3.1. Let x :Mn → Rn+1(c) be a hypersurface in a space form Rn+1(c) and assume that r = n, or r(< n) is
odd, or r(< n) is even and Qr semi-positive definite. The first variational formula of the functional Wr(M) is given
by
	
(
Q
n−r
r
r
(
Qr−1 + σ r−11
))
+
(
n − 1
r − 1
)−1 r∑
(−1)k+1
(
n − k
r − k
)
T(k−1)ij
(
Q
n−r
r
r σ
r−k
1
)
,ijk=2
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n−r
r
r
(
n2σ 21 − n(n − 1)σ2 + nc
)(
Qr−1 + σ r−11
)− nσ1Qnrr
(3.21)+ Q
n−r
r
r
(
n − 1
r − 1
)−1 r∑
k=2
(−1)k+1
(
n − k
r − k
)(
n
k
)
σ r−k1
(
nσ1σk − (n − k)σk+1 + ckσk−1
)= 0.
In particular, for n = r , we have
	
(
Qn−1 + σn−11
)+ n∑
k=2
(−1)k+1T(k−1)ij
(
σn−k1
)
,ij
+ (n2σ 21 − n(n − 1)σ2 + nc)(Qn−1 + σn−11 )− nσ1Qn
(3.22)+
n∑
k=2
(−1)k+1
(
n
k
)
σn−k1
(
nσ1σk − (n − k)σk+1 + ckσk−1
)= 0.
Remark 3.1. In particular, for r = 2 in (3.21), we recover the Willmore equation for hypersurfaces which was obtained
by Pedit and Willmore [13](also see [7] and [12]):
2(n − 1)	(ρn−2σ1)− 2T1ij (ρn−2),ij
(3.23)+ (n − 1)ρn−2[2n(n − 1)σ 31 − n(3n − 4)σ1σ2 + n(n − 2)σ3]= 0.
Let n = 2 in (3.23) then the equation reduces to the original Willmore equation
	(σ1) + 2σ1
(
σ 21 − σ2
)= 0.
Let n = 3 in (3.22), then
(3.24)1
3
	
(
2σ 21 − σ2
)− 1
3
T1ij (σ1),ij + 4σ 41 − 7σ 21 σ2 + 2σ 22 + σ1σ3 = 0.
Definition. A hypersurface x :Mn → Nn+1 is called Wr -minimal if it is a solution of Eq. (3.21).
We present some examples of W3-minimal hypersurfaces in S4 as follows. A trivial example is an umbilic sphere
S3(r) in S4(in this case σ 21 = σ2 and σ 22 = σ1σ3). Proposition 3.1 below shows that there is no nontrivial W3-minimal
hypersurface in the class of compact Euclidean minimal hypersurfaces.
Proposition 3.1. If a compact hypersurface M3 in S4 is Euclidean minimal and W3-minimal, then it must be totally
geodesic.
Proof. From the assumption we have σ1 = 0 and (3.24). Hence, from (3.24) we have 	σ2 = 6σ 22 , which implies
σ2 = 0 as M is compact. The equations σ1 = 0 and σ2 = 0 imply λ1 = λ2 = λ3 = 0. 
Proposition 3.2. x :M = S1(a) × S2(b) → S4 is W3-minimal if and only if
M = S1(√2/3 ) × S2(√1/3 ),
where Sp(d) denotes a p-dimensional sphere with radius d .
Proof. We can choose a suitable local orthonormal frame field {ei} on M such that
hij =
{
b/a, i = j = 1,
0, i 	= j,
−a/b, i = j = 2,3.
Let x = a2/b2, then we have σ1 = (1−2x)/3√x,σ2 = (−2+x)/3, σ3 = √x. Putting these quantities into Eq. (3.24),
we have
11x4 − 34x3 + 30x2 − 10x − 4 = 0.
Z. Guo / Differential Geometry and its Applications 25 (2007) 543–551 551This equation has an unique solution x = 2 in the set of positive real numbers. As a2 + b2 = 1 we have a = √2/3,
b = √1/3. 
Corollary. Those hypersurfaces in S4 which are conformally equivalent to S1(√2/3) × S2(√1/3) must be
W3-minimal.
Remark. S1(
√
2/3) × S2(√1/3) is also W2-minimal in S4.
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